We prove some general results about the relation between the 1-cocycles of an arbitrary Lie algebroid A over M and the leaves of the Lie algebroid foliation on M associated with A. Using these results, we show that a E 1 (M )-Dirac structure L induces on every leaf F of its characteristic foliation a E 1 (F )-Dirac structure L F , which comes from a precontact structure or from a locally conformal presymplectic structure on F . In addition, we prove that a Dirac structureL on M × R can be obtained from L and we discuss the relation between the leaves of the characteristic foliations of L andL.
Introduction
It is well-known the fundamental role that Poisson algebras play in Dirac's theory of constrained Hamiltonian systems [5] . Two natural ways for Poisson algebras to arise from a manifold M are through Poisson or presymplectic structures on M. Both structures are examples of Dirac structures in the sense of Courant-Weinstein [2, 3] . A Dirac structure on a manifold M is a vector sub-bundleL of T M ⊕T * M that is maximally isotropic under the natural symmetric pairing on T M ⊕ T * M and such that the space of sections ofL, Γ(L), is closed under the Courant bracket [ , ]˜on Γ(T M ⊕ T * M) (see Section 2.3, Example 1). IfL is a Dirac structure on M, thenL is endowed with a Lie algebroid structure over M and the leaves of the induced Lie algebroid foliation FL on M are presymplectic manifolds by Wade in [30] . However, the nature of the induced structure on the leaves of the characteristic foliation of a E 1 (M)-Dirac structure L was not discussed in [30] . So, the aim of our paper is to describe such a nature. In addition, we will show that one may obtain, from L, a Dirac structureL on M × R in the sense of Courant-Weinstein and we will discuss the relation between the induced structures on the leaves of the characteristic foliations of L andL. For the above purposes, we will prove some general results about the relation between the 1-cocycles of an arbitrary Lie algebroid A over M and the leaves of the Lie algebroid foliation on M associated with A. In our opinion, these last results could be of independent interest. The paper is organized as follows. In Section 2, we recall several definitions and results about E 1 (M)-Dirac structures which will be used in the sequel. We also present some examples that were obtained in [30] . In Section 3, we prove that if (A, [[ , ] ], ρ) is a Lie algebroid over M, φ is a 1-cocycle of A and F is a leaf of the Lie algebroid foliation F A on M then S φ F = ∅ or S φ F = F , where S φ F is the subset of F defined by S φ F = {x ∈ F / ker (ρ |Ax ) ⊆< φ(x) >
• } (see Theorem 3.2). Here, A x is the fiber of A over x and < φ(x) >
• is the annihilator of the subspace of A * x generated by φ(x). On the other hand, the Lie algebroid structure ( [[ , ] ], ρ) and the 1-cocycle φ induce a Lie algebroid structure ( [[ , ] ]¯φ,ρ φ ) on the vector bundleĀ = A×R → M ×R (see (3.1) ). Then, if F andF are the leaves of the Lie algebroid foliations F A and FĀ passing through x 0 ∈ M and (x 0 , t 0 ) ∈ M × R, we obtain, in the two possible cases (S φ F = ∅ or S φ F = F ), the relation between F andF (see Theorem 3.3) . Now, assume that L is a E 1 (M)-Dirac structure and that F is a leaf of the characteristic foliation F L . Then, in Section 4, we prove that L induces, in a natural way, a E 1 (F )-Dirac structure L F and, moreover (using the results of Section 3), we describe the nature of L F . In fact, we obtain that in the case when S φ L F = ∅, L F comes from a precontact structure on F and in the case when S φ L F = F , L F comes from a l.c.p. structure on F (see Theorem 4.2) . Using this Theorem, we directly deduce the results of Courant [2] about the leaves of the characteristic foliation of a Dirac structure and the results of Kirillov [15] and Guedira-Lichnerowicz [9] about the leaves of the characteristic foliation of a Jacobi structure. We also apply the theorem to the particular case when L comes from a homogeneous Poisson structure and some interesting consequences are derived. Finally, in Section 5, we prove that a Dirac structureL on M ×R can be obtained from a E 1 (M)-Dirac structure L in such a way that the Lie algebroid associated withL is isomorphic to the Lie algebroid over
. Thus, if (x 0 , t 0 ) is a point of M × R, one may consider the leaves F andF of the characteristic foliations of L andL passing through x 0 and (x 0 , t 0 ). Then, using the results of Section 3, we obtain the relation between F andF and, in addition, we describe the presymplectic 2-form onF in terms of the precontact structure on F , when S φ L F = ∅, or in terms of the l.c.p. structure on F , when S φ L F = F (see Theorem 5.3) . As an application, we directly deduce some results of Guedira-Lichnerowicz [9] about the relation between the leaves of the characteristic foliation of a Jacobi structure on M and the leaves of the symplectic foliation of the Poisson structure on M × R induced by the Jacobi structure.
E 1 (M )-Dirac structures
All the manifolds considered in this paper are assumed to be connected and of class C ∞ . Moreover, if M is a differentiable manifold, we will denote by E 1 (M) the vector bundle
Definition and characterization of E 1 (M)-Dirac structures
Along this Section, we will recall the definition of a E 1 (M)-Dirac structure, which was introduced by A. Wade in [30] . We will also give several results related to this notion.
The natural symmetric and skew-symmetric pairings < , > + and < , > − on V ⊕ V * , V being a real vector space of finite dimension, can be extended, in a natural way, to the Whitney sum A ⊕ A * , where A → M is a real vector bundle over a manifold M. We also denote by < , > + and < , > − the resultant pairings on Γ(A ⊕ A * ) ∼ = Γ(A) ⊕ Γ(A * ). In the particular case when A = T M × R, the explicit expressions of < , > + and < , > − on Γ(E 1 (M)) are
On the other hand, in [30] A. Wade introduced a suitable R-bilinear bracket [ , ] :
). This approach is based on an idea that can be found in [6] , where the author generalizes the Courant bracket on Γ(T M ⊕ T * M) to the case of complexes over Lie algebras. The bracket [ , ] is given by
is the usual Lie bracket of vector fields and L is the Lie derivative operator on M. This bracket is skew-symmetric and, moreover, we have that
for e 1 , e 2 ∈ Γ(E 1 (M)) and f ∈ C ∞ (M, R). We note that [ , ] is not, in general, a Lie bracket, since the Jacobi identity does not hold (see [30] ). Now, let L be a vector sub-bundle of E 1 (M) which is isotropic under the symmetric pairing < , > + . We may consider the map If e i = (X i , f i ) + (α i , g i ) with i ∈ {1, 2, 3} then, using (2.1), (2.3), (2.5) and the fact that < e i , e j > + = 0, for i, j ∈ {1, 2, 3}, we deduce that
(2.6) Thus, from (2.4), (2.5) and (2.6), it follows that T L is a skew-symmetric for e 1 , e 2 , e 3 ∈ Γ(L). 
) is a Lie algebra homomorphism and ii) for all f ∈ C ∞ (M, R) and for all X, Y ∈ Γ(A), one has
The triple (A, [[ , ] ], ρ) is called a Lie algebroid over M (see [21] ).
Let (A, [[ , ] ], ρ) be a Lie algebroid over M. We consider the generalized distribution F A on M whose characteristic space at a point x ∈ M is given by
where A x is the fiber of A over x. Since Γ(A) is a finitely generated C ∞ (M, R)-module (see [8] ), the distribution F A is also finitely generated. Moreover, it is clear that it is involutive. Thus, F A defines a generalized foliation on M in the sense of Sussman [26] . F A is the Lie algebroid foliation on M associated with A.
Remark 2.3
If F is the leaf of F A passing through x ∈ M, dim F = r and y ∈ M then y ∈ F if and only if there exists a continuous piecewise smooth path γ : I → M from x to y, which is tangent to F A and such that dim F A (γ(t)) = r, for all t ∈ I (see [16, 28] [30] and Section 2.1). Thus, one can consider the Lie algebroid foliation
On the other hand, we may introduce a section φ L of the dual bundle L * as follows:
A direct computation, using (2.2), (2.3) and (2.9), proves that φ L is a 1-cocycle.
Examples of E 1 (M)-Dirac structures
Next, we will present some examples of E 1 (M)-Dirac structures which were obtained in [30] . In addition, we will describe the Lie algebroids, the characteristic foliations and the 1-cocycles associated with these structures.
1.-Dirac structures
LetL be a vector sub-bundle of T M ⊕ T * M and consider the vector sub-bundle L of E 1 (M) whose sections are
Then,L is a Dirac structure on M in the sense of Courant-Weinstein [2, 3] if and only if L is a E 1 (M)-Dirac structure (see [30] ). We recall that a vector sub-bundleL of T M ⊕ T * M is a Dirac structure on M ifL is maximally isotropic under the natural symmetric pairing < , > + on T M ⊕ T * M and, in addition, the space of sections of L, Γ(L), is closed under the Courant bracket [ , ]˜which is defined by [2] ). The characteristic foliation associated withL is the Lie algebroid foliation FL. It is clear that FL(x) = F L (x), for all x ∈ M. In addition, from (2.9) and (2.10), it follows that the 1-cocycle φ L identically vanishes.
2.-Locally conformal presymplectic structures
A locally conformal presymplectic (l.c.p.) structure on a manifold M is a pair (Ω, ω), where Ω is a 2-form on M, ω is a closed 1-form and dΩ = ω ∧ Ω. If (Ω, ω) is a l.c.p. structure on M, one may define the vector sub-bundle
It is clear that the vector bundles L (Ω,ω) and T M × R are isomorphic. In addition, L (Ω,ω) is a E 1 (M)-Dirac structure [30] . Note that if ω = 0 then Ω is a presymplectic form on M. Furthermore, if (Ω, ω) is a l.c.p. structure on a manifold M of even dimension and Ω is a nondegenerate 2-form then (Ω, ω) is a locally conformal symplectic structure (see [9, 15, 27] ).
Let (Ω, ω) be a l.c.p. structure on a manifold M and L (Ω,ω) be the associated E 1 (M)-Dirac structure. Then, using (2.2), (2.3) and (2.13), we deduce that the Lie algebroids 
, Id) via ∇ and Ω (for the definition of the extension of a Lie algebroid A with respect to a 2-cocycle and a representation of A on a vector bundle, see [21] ). On the other hand, it is clear that F L (Ω,ω) (x) = T x M, for all x ∈ M, and that, under the isomorphism between L (Ω,ω) and (2.9) and (2.13)).
3.-Precontact structures
A precontact structure on a manifold M is a 1-form η on M. A precontact structure η on
More precisely, suppose that Φ is a 2-form on M, that η is a 1-form and consider the vector sub-bundle L of E 1 (M) whose sections are
The vector bundles L and T M ×R are isomorphic. Moreover, L is a E 1 (M)-Dirac structure if and only if Φ = dη (see [30] ). Thus,
Note that a precontact structure η on a manifold M of odd dimension 2n + 1 such that η ∧ (dη) n is a volume form is a contact structure (see [9, 15, 16, 18] ).
Let η be a precontact structure on a manifold M and L η be the associated 
) and (2.15)).
4.-Jacobi structures
A Jacobi structure on a manifold M is a pair (Λ, E), where Λ is a 2-vector and E is a Jacobi and Poisson manifolds were introduced by Lichnerowicz [17, 18] (see also [1, 4, 9, 15, 16, 28, 31] ). Now, given a 2-vector Λ and a vector field E on a manifold M, we can consider the vector sub-bundle
Note that the vector bundles L (Λ,E) and T * M ×R are isomorphic. Moreover, we have that L (Λ,E) is a E 1 (M)-Dirac structure if and only if (Λ, E) is a Jacobi structure (see [30] ).
If (Λ, E) is a Jacobi structure on a manifold M and L (Λ,E) is the associated [14] . In this case, the characteristic foliation of the
is just the characteristic foliation on M associated with the Jacobi structure (Λ, E) (see [4, 9, 15] ). In addition, under the isomorphism between L (Λ,E) and
) and (2.16)).
5.-Homogeneous Poisson structures
A homogeneous Poisson manifold (M, Π, Z) is a Poisson manifold (M, Π) with a vector field Z such that [Z, Π] = −Π (see [4] ). Given a 2-vector Π and a vector field Z on a manifold M, we can define the vector sub-bundle
The vector bundles L (Π,Z) and T * M × R are isomorphic. Furthermore, (M, Π, Z) is a homogeneous Poisson manifold if and only if L (Π,Z) is a E 1 (M)-Dirac structure (see [30] ).
Let (M, Π, Z) be a homogeneous Poisson manifold and L (Π,Z) be the associated E 1 (M)-Dirac structure. Then, from (2.2), (2.3) and (2.17), it follows that the Lie algebroids
and # (Π,Z) are defined by
In other words, if F Π is the symplectic foliation of the Poisson manifold (M, Π) then 
form a matched pair of Lie algebroids in the sense of Mokri [23] .
In Section 4, we will prove that if F is a leaf of the characteristic foliation of a
and, in addition, we will describe the nature of L F . First, in the next Section, we will show two general results about the relation between the 1-cocycles of an arbitrary Lie algebroid A and the leaves of the Lie algebroid foliation F A .
1-cocycles of a Lie algebroid and the leaves of the Lie algebroid foliation
Let (A, [[ , ] ], ρ) be a Lie algebroid over M, φ ∈ Γ(A * ) be a 1-cocycle and π 1 : M × R → M be the canonical projection onto the first factor. We consider the map · :
It is easy to prove that · is an action of A on M × R in the sense of [10] 
and that ρ(X)(x, t) = ρ(X t )(x), forX,Ȳ ∈ Γ(Ā) and (x, t) ∈ M × R (see [10] ). In addition, 
for all (x, t) ∈ M × R. Moreover, a direct computation shows that,
where F A is the Lie algebroid foliation of A and < φ(x) >
• is the annihilator of the subspace of A * x generated by φ(x), that is, Next, we will discuss some relations between the leaves of F A and the 1-cocycle φ and between the leaves of F A and FĀ. More precisely, the aim of this Section is to prove the following two results. given by (3.1) . Suppose that (x 0 , t 0 ) ∈ M × R and that F andF are the leaves of the Lie algebroid foliations F A and FĀ passing through x 0 ∈ M and (x 0 , t 0 ) ∈ M × R, respectively. Then: 
In order to prove the above results, we will use the following three lemmas. . We will show that there exists a connected open subsetW
Note that dim FĀ(x, t) = r, for all (x, t) ∈F . , we deduce that the vectors {ρ(e i (x 0 ))} 1≤i≤r are linearly independent in T x 0 M. This implies that dim F A (x 0 ) ≥ r and, since the rank of a differentiable generalized distribution is a lower semicontinuous function (see [28] 
3), (3.7) and (3.8), it follows that (3.6) holds.
ii) Let x 0 be a point of S φ F . We will prove that there exists an open neighbourhood V x 0 of x 0 in F which is contained in S φ F . Suppose that t 0 ∈ R, thatF is the leaf of FĀ passing through (x 0 , t 0 ) and that the dimension ofF is r. Then, the point (x 0 , t 0 ) ∈ S φ F and thus there exists a connected open subsetW (x 0 ,t 0 ) ofF such that (x 0 , t 0 ) ∈W (x 0 ,t 0 ) and (3.6) holds. Now, if π 1 : M × R → M is the canonical projection onto the first factor, (3.2), (3.6) and Remark 2.3 imply that π 1 (W (x 0 ,t 0 ) ) ⊆ F and that π 1 :W (x 0 ,t 0 ) → F is a local diffeomorphism. Therefore, V x 0 = π 1 (W (x 0 ,t 0 ) ) is an open subset of F , x 0 ∈ V x 0 and it is clear that V x 0 ⊆ S φ F (see (3.4) and (3.6)). , such that for every x ∈ U ′ x 0 the set of vectors {ρ(s i (x))} 1≤i≤r are linearly independent in T x M. Thus, this set is a basis of T x F , for all x ∈ U x 0 = U
. . , n − r} and e r+k : U x 0 → A is the map defined by
we deduce that the set {e r+k (x)} 1≤k≤n−r is a basis of the vector space ker (ρ |Ax ), for all x ∈ U x 0 . Consequently, since x 0 ∈ F − S φ F , it follows that φ(x 0 )(e r+k 0 (x 0 )) = 0, for some k 0 ∈ {1, . . . , n − r}. Hence, we conclude that there exists an open subset V x 0 of F , x 0 ∈ V x 0 ⊆ U x 0 , such that φ(x)(e r+k 0 (x)) = 0, for all x ∈ V x 0 . Then, it is clear that
QED

Lemma 3.6 IfF is a leaf of the Lie algebroid foliation FĀ and S φ F is the subset ofF defined by
is a closed subset ofF .
Proof: Assume that the dimension ofF is r. We will prove thatF − S φ F is an open subset ofF .
Let (x 0 , t 0 ) be a point ofF − S φ F and suppose that F is the leaf of F A passing through x 0 . We have that x 0 ∈ F − S φ F . Thus, using Lemmas 3.4 and 3.5 and the fact that F is connected, we deduce that
Therefore, from (3.2) and (3.9), it follows that
Consequently, F × R is a connected integral submanifold of FĀ and its dimension is r. This implies that F × R is an open subset ofF . Finally, from (3.9), we conclude that
QED
Proof of Theorem 3.2: Using Lemmas 3.4 and 3.5 and the fact that F is connected it follows that
for all x ∈ F and e x ∈ A x . Note that the condition
implies that ω F (x) : T x F → R is well defined. Moreover, it is clear that ω F satisfies (3.5) and, since φ is a 1-cocycle, we deduce that ω F is closed.
QED
Proof of Theorem 3.3: i)
and thus, using Lemmas 3.4 and 3.6 and the fact thatF is connected, we obtain that
Now, proceeding as in the proof of Lemma 3.6, we deduce that F × R is an open subset ofF . On the other hand, from (3.3), (3.4) and (3.10), it follows that
Using this fact, (3.2) and Remark 2.3, we have that π 1 (F ) ⊆ F . Therefore, we have proved thatF = F × R.
Using (3.2), (3.11) and Remark 2.3, we obtain that π 1 (F ) ⊆ F and that π 1|F :F → F is a local diffeomorphism. Consequently, π 1 (F ) is an open subset of F .
In addition, from (3.2) and (3.5), it follows that
Next, we will show that π 1 (F ) is a closed subset of F and that π 1|F :F → F is a covering map.
Let x be a point of F . Since ω F is a closed 1-form, there exists a connected open subset U in F and a real C ∞ -differentiable function f F on U such that x ∈ U and
Then, using (3.2), (3.5), (3.13), Remark 2.3 and the fact that π 1 (F ) ⊆ F , we deduce the following result
Thus, if x ∈ F − π 1 (F ), we have that U ⊆ F − π 1 (F ). This proves that π 1 (F ) is a closed subset of F which implies that π 1 (F ) = F . Now, suppose that (x, t) is a point ofF and let U be a connected open subset of F and f F be a real C ∞ -differentiable on F such that x ∈ U and (3.13) holds. If C (y,s) is the connected component of a point (y, s) ∈ (π 1|F ) −1 (U) then, using (3.12) and (3.13), it follows that the function (π 1|F ) * (f F ) + (iF ) * t is constant on C (y,s) . Therefore, from (3.14), we obtain that
Consequently, the map π 1|C (y,s) : C (y,s) → U is a diffeomorphism. This proves that π 1|F : F → F is a covering map.
Finally, let E be the covering of F associated with ω F , that is, E is the sheaf of germs of C ∞ functions g F on F such that dg F = ω F (see Section 2 of Chapter XIV in [7] ). Denote
F . Then, using the above description of the leafF and the results in [7] , we deduce thatF is diffeomorphic to the connected component of (f
In other words,F is diffeomorphic to a Galois covering of F associated with ω F . In this Section, we will prove that if S is a submanifold of M then, under certain regularity conditions, a E 1 (M)-Dirac structure induces a E 1 (S)-Dirac structure. This result will be used in Section 4.2.
Let L be a vector sub-bundle of E 1 (M) which is maximally isotropic under the symmetric pairing < , > + and S be a submanifold of M. If x is a point of S, we may define the vector space (
1) where (T x S)
• is the annihilator of T x S, that is, (T x S)
is a monomorphism and thus (L S ) x can be identified with a subspace of (T x S × R) ⊕ (T * x S × R). Moreover, using the results of Section 1.4 in [2] , we deduce that (L S ) x is a maximally isotropic subspace of (T x S × R) ⊕ (T * x S × R) under the symmetric pairing < , > + . In particular, this implies that dim (L S ) x = dim S + 1, for all x ∈ S. In addition, we may prove the following proposition.
Proof: It is clear that L S is a maximally isotropic vector sub-bundle of E 1 (S) under the symmetric pairing < , > + . Now, we consider the vector bundleL S over S such that the fiber (
) associated with the isotropic vector sub-bundle L (respectively, L S ). The map i S (respectively, π S ) is a monomorphism (respectively, epimorphism) of vector bundles. Furthermore, if e i = (X i , f i ) + (α i , g i ) ∈ Γ(L S ), with i ∈ {1, 2, 3}, then, from (2.6) and Proposition 2.2, we get that
Therefore, π * S T L S = 0 and, since π S is an epimorphism of vector bundles, we conclude that T L S = 0. This implies that L S is a E 1 (S)-Dirac structure. We consider the bundle
for e x ∈ L x and x ∈ M. Then, we may define the 2-form
for (e 1 ) x , (e 2 ) x ∈ L x , < , > − being the natural skew-symmetric pairing on (
In fact, if e i = (X i , f i ) + (α i , g i ), with i ∈ {1, 2}, we have that
Now, let F L be the characteristic foliation of the E 1 (M)-Dirac structure L and F be a leaf of F L . If x is a point of F , we will denote by (L F ) x the vector subspace of
.
Then, we will prove that L F = x∈F (L F ) x defines a E 1 (F )-Dirac structure and we will describe the nature of L F . 
. In this case, F is said to be a locally conformal presymplectic leaf.
Thus, since L is a maximally isotropic vector sub-bundle of E 1 (M) under the symmetric pairing < , > + , we obtain that dim (L F ) x = dim M + 1, for all x ∈ F . Therefore, using Proposition 4.1, we deduce that L F defines a E 1 (F )-Dirac structure.
Next, we will distinguish the two cases: a linear epimorphism, for all x ∈ F (see (4.3) ). Consequently, the restriction of Ψ L to F defines a section of the vector bundle
for all x ∈ F and (
, with x ∈ F . From (2.1), (4.4) and (4.6), it follows that
Thus,
Finally, using (4.7) and the fact that L F is a E 1 (F )-Dirac structure, we conclude that (see Section 2.3, Example 3),
and
• , for all x ∈ F . This implies that the map
is a linear isomorphism, for all x ∈ F , where pr 1 : T x F × R → T x F is the projection onto the first factor.
Therefore, Ψ L induces a 2-form Ω F on F which is characterized by the condition
Moreover, since S φ L F = F , Theorem 3.2 allows us to introduce the closed 1-form ω F on F characterized by (3.5). Now, suppose that (u, λ) + (α, µ) ∈ (L F ) x = L x , with x ∈ F . From (2.1), (2.9), (3.5), (4.4) and (4.9), it follows that λ = −ω F (x)(u) and that α |TxF = i u Ω F (x) + µ ω F (x). In other words, if we consider (L F ) x to be a subspace of (
Finally, using that ω F is closed, (4.10) and the fact that L F is a E 1 (F )-Dirac structure, we conclude that the pair (Ω F , ω F ) is a l.c.p. structure on F (see Section 2.3, Example 2) and that L F = L (Ω F ,ω F ) .
QED
Examples 4.3 1.-Dirac structures
LetL ⊆ T M ⊕ T * M be a Dirac structure on M and L be the E 1 (M)-Dirac structure associated withL (see (2.10)). We know that the characteristic foliations FL and F L associated withL and L, respectively, coincide (see Section 2.3, Example 1). Thus, if F is a leaf of FL then, using Theorem 4.2 and the fact that the 1-cocycle φ L identically vanishes, it follows thatF carries an induced l.c.p. structure (ΩF , ωF ). Moreover, from the definition of ωF (see (3.5)), we obtain that ωF = 0, that is, ΩF is a presymplectic form onF . Therefore, we deduce a well-known result (see [2] ): the leaves of the characteristic foliation FL are presymplectic manifolds.
2.-Locally conformal presymplectic structures
Let (Ω, ω) be a l.c.p. structure on a manifold M and L (Ω,ω) be the corresponding
for all x ∈ M, and thus there is only one leaf of the foliation
• , for all x ∈ M (see Section 2.3, Example 2), M carries an induced l.c.p. structure which is just (Ω, ω).
3.-Precontact structures
Let η be a precontact structure on a manifold M and denote by L η the corresponding E 1 (M)-Dirac structure (see (2.15) ). As in the case of a l.c.p. structure, there is only one leaf of the characteristic foliation F Lη : the manifold M. In addition, since
• , for all x ∈ M (see Section 2.3, Example 3), M carries an induced precontact structure. Such a structure is defined by the 1-form η.
4.-Jacobi structures
Suppose that (Λ, E) is a Jacobi structure on a manifold M and let L (Λ,E) be the corresponding E 1 (M)-Dirac structure. We know that the characteristic foliation F L (Λ,E) of L (Λ,E) is just the characteristic foliation associated with the Jacobi structure (Λ, E) (see Section 2.3, Example 4). Moreover, using that the Lie algebroid (
can be identified with the Lie algebroid (T E) ) and that, under this identification, the 1-cocycle φ L (Λ,E) is the pair (−E, 0), we obtain that if x 0 is a point of M then
, from (4.11) and Theorem 4.2, it follows that F carries an induced l.c.p. structure (Ω F , ω F ). In fact, using (2.1), (3.5), (4.4) and (4.9), we have that
for all y ∈ F and α 1 , α 2 ∈ T * y M. Therefore, the pair (−Ω F , ω F ) is the locally conformal symplectic structure on F induced by the Jacobi structure (Λ, E).
On the other hand, if F is the leaf of F L(Λ,E) passing through x 0 ∈ M and E(x 0 ) ∈ # Λ (T * x 0 M) then, from (4.11) and Theorem 4.2, we obtain that the E 1 (F )-Dirac structure comes from a precontact structure η F on F . In addition, E(y) ∈ # Λ (T * y M) and T y F = # Λ (T * y M)⊕ < E(y) >, for all y ∈ F . Moreover, using (2.1), (4.4) and (4.6), we get that
for all y ∈ F , α ∈ T * y M and λ ∈ R. Consequently, −η F is the contact structure on F induced by the Jacobi structure (Λ, E).
In conclusion, we deduce a well-known result (see [9, 15] ): the leaves of the characteristic foliation of a Jacobi manifold are contact or locally conformal symplectic manifolds.
5.-Homogeneous Poisson structures
Let (M, Π, Z) be a homogeneous Poisson manifold and L (Π,Z) be the corresponding E 1 (M)-Dirac structure (see (2.17) ). Using that the Lie algebroid ( Z) ) and that, under this identification, the 1-cocycle φ L (Π,Z) is the pair (0, 1) (see Section 2.3, Example 5), we obtain that if x 0 is a point of M then
Thus, if x 0 is a point of M and F is the leaf of the characteristic foliation F L (Π,Z) passing through x 0 , we will distinguish two cases:
In such a case, from (2.19), (4.12) and Theorem 3.2, it follows that T y F = F L (Π,Z) (y) = F Π (y), for all y ∈ F , where F Π is the symplectic foliation of the Poisson manifold (M, Π). Therefore, F is the leaf of F Π passing through x 0 . In addition, using Theorem 4.2, we deduce that the induced E 1 (F )-Dirac structure comes from a precontact structure η F on F . Moreover, from (2.1), (4.4), (4.6) and (4.8), we have that
for all y ∈ F and α 1 , α 2 ∈ T * y M. This implies that dη F is, up to sign, the symplectic 2-form of F .
In such a case, from (2.19) and (4.12), we get that T y F = F L (Π,Z) (y) = F Π (y)⊕ < Z(y) >, for all y ∈ F . Consequently, the dimension of F is odd and the leaf F Π of the foliation F Π passing through x 0 is a submanifold of F of codimension one. Furthermore, the induced E 1 (F )-Dirac structure comes from a l.c.p. structure (Ω F , ω F ) on F and, using (2.1), (3.5), (4.4) and (4.9), it follows that
for all y ∈ F , α 1 , α 2 ∈ T * y M and λ 1 , λ 2 ∈ R. Note that if i : F Π → F is the canonical inclusion, we deduce that i * ω F = 0 and that −i * Ω F is the symplectic 2-form on F Π . Thus, if the dimension of F is 2n + 1, we obtain that ω F ∧ Ω We consider the vector sub-bundleL of
where L x is the fiber of L over x. Note that the linear map ψ (x,t) : L x →L (x,t) given by
is an isomorphism of vector spaces, for all (x, t) ∈ M × R. Using this fact, (2.3) and (2.11), we deduce the following result. 
On the other hand, letL be the Dirac structure on M × R associated with L, (L, [ , ]L,ρL) be the corresponding Lie algebroid over M × R and FL be the characteristic foliation of L (see Section 2.3, Example 1).
It is clear that the linear maps ψ (x,t) , (x, t) ∈ M × R, induce an isomorphism of vector bundlesψ betweenL andL. Moreover, we have
Lemma 5.2 The mapψ is an isomorphism of Lie algebroids over the identity, that is,
3) In addition, from (5.3), it follows that FL(x, t) = FL(x, t), for all (x, t) ∈ M × R. QED Now, assume thatF is a leaf of the foliation FL = FL. Then, we know thatF is a presymplectic manifold with presymplectic 2-form ΩF characterized by the condition
for all (x, t) ∈ M × R and (ẽ 1 ) (x,t) , (ẽ 2 ) (x,t) ∈L (x,t) , where < , > − is the natural skewsymmetric pairing on T (x,t) (M × R) ⊕ T * (x,t) (M × R) (see [2] and Examples 4.3). Next, we will discuss the relation between the leaves of FL and the leaves of the characteristic foliation F L associated with L. In addition, we will describe the relation between the induced structures on them. On the other hand, if (x, t) ∈F , (ẽ i ) (x,t) ∈L (x,t) , i ∈ {1, 2}, and (ẽ i ) (x,t) = (u i + λ i ∂ ∂t |t
) + e t (α i + µ i dt |t ), with (u i , λ i ) + (α i , µ i ) ∈ L x then, using (4.4), (4.6), (4.8) and (5.4), we get ΩF (x, t)(ρL((ẽ 1 ) (x,t) ),ρL((ẽ 2 ) (x,t) )) = = e t (π 1 |F ) * (dη F ) + dt ∧ (π 1 |F ) * (η F ) (x, t)(ρL((ẽ 1 ) (x,t) ),ρL((ẽ 2 ) (x,t) )).
This implies that ΩF = e t (π 1 |F )
ii) If F is a l.c.p. leaf then ker (ρ L|Lx 0 ) ⊆< φ L (x 0 ) > • (see Theorem 4.2). Therefore, from Theorem 3.3 and Lemma 5.2, we obtain that π 1 (F ) = F , that π 1 |F :F → F is a covering map, thatF is diffeomorphic to a Galois covering of F associated with ω F and that dσ = (π 1 |F ) * (ω F ).
Finally, if (x, t) ∈F , (ẽ i ) (x,t) ∈L (x,t) , i ∈ {1, 2}, and (ẽ i ) (x,t) = (u i +λ i ∂ ∂t |t )+e t (α i +µ i dt |t ), with (u i , λ i )+(α i , µ i ) ∈ L x then, using (4.4), (4.9), (5.4) and the definition ofσ, we deduce ΩF (x, t)(ρL((ẽ 1 ) (x,t) ),ρL((ẽ 2 ) (x,t) )) = = (e −σ (π 1 |F ) * (Ω F ))(x, t)(ρL((ẽ 1 ) (x,t) ),ρL((ẽ 2 ) (x,t) )).
This implies that ΩF = e −σ (π 1 |F ) * (Ω F ).
QED
Examples 5.4 1.-Dirac structures
Let L be a E 1 (M)-Dirac structure which comes from a Dirac structure on M andL be the associated Dirac structure on M × R. If x 0 is a point of M and F is the leaf of the characteristic foliation F L passing through x 0 , then F is a presymplectic manifold with presymplectic 2-form Ω F (see Examples 4.3). Moreover, since F L (x) = FL(x, t), for all (x, t) ∈ M × R, we deduce that the leafF of FL passing through (x 0 , t 0 ) ∈ M × R is F = F × {t 0 }. In addition, from Theorem 5.3, it follows that ΩF = e t 0 Ω F .
2.-Precontact structures
Let η be a precontact structure on a manifold M and L η be the associated E 1 (M)-Dirac structure. Then, the characteristic foliation F Lη has a unique leaf, the manifold M (see Examples 4.3). Furthermore, ifL η is the Dirac structure on M × R associated with L η , we obtain thatL η is the graph of the presymplectic 2-formΩ on M × R given bỹ Ω = e t ((π 1 ) * (dη) + dt ∧ (π 1 ) * η).
In other words,
On the other hand, using Theorem 5.3, we deduce a well-known result (see [2] ): the characteristic foliation FL η ofL η also has a unique leafF (the manifold M × R) and the presymplectic 2-form ΩF onF is justΩ.
3.-Jacobi structures
Suppose that (Λ, E) is a Jacobi structure on a manifold M. Then, it is well-known that the 2-vectorΛ on M × R given byΛ = e −t (Λ + ∂ ∂t ∧ E) defines a Poisson structure on M × R (see [18] ). Thus, one may consider the Dirac structureLΛ on M × R associated withΛ (see [2] ). In fact, we have that
Moreover, if L (Λ,E) is the E 1 (M)-Dirac structure induced by the Jacobi structure (Λ, E), it is easy to prove that the Dirac structureL (Λ,E) on M × R associated with L (Λ,E) is isomorphic toLΛ. Therefore, using Theorem 5.3 (see also Examples 4.3), we directly deduce the results of Guedira-Lichnerowicz (see Section III.16 in [9] ) about the relation between the leaves of the characteristic foliation of the Jacobi manifold (M, Λ, E) and the leaves of the symplectic foliation of the Poisson manifold (M × R, Λ).
